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ABSTRACT
A logical basis for incorporating pressure non-equilibrium and turbulent eddy viscosity in an incompressible vortex model is presented.
The infrasonic acoustic source implied in our earlier work has been examined. Finally, this non-equilibrium turbulent vortex core is shown
to dissipate mechanical energy more slowly than a Burgers vortex, helping us to explain the persistence of axial vortices in nature. Recent
molecular dynamics simulations replicate aspects of this non-equilibrium pressure behavior.
© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0031668
I. INTRODUCTION
Zuckerwar and Ash1,2 have shown theoretically how fluids such
as air and water can depart from thermodynamic equilibrium when
subjected to intense local strain rates. Utilizing Hamilton’s prin-
ciple and quantifiable frequency-dependent acoustic parameters,3
they were able to isolate thermodynamic non-equilibrium dilata-
tional and shearing strain rate induced processes. We have shown
previously how ambient weather conditions control dust devil and
tornado core characteristics.4 In Ref. 4 (Ash, Zuckerwar, and
Zardadkhan4 will be referred henceforth as AZZ), we examined
strain rate driven departures from thermodynamic equilibrium in
large-scale incompressible vortices, demonstrating the influence of
relative humidity on the tornado core size and strength. This model
evolved from the premise that extreme strain rates generated intense
sound signatures while simultaneously forcing local fluid pres-
sure to depart from thermodynamic equilibrium. Assuming quasi-
reversible departures,1,2 it was possible to develop a quantifiable
pressure relaxation coefficient, controlled by ambient conditions.
The pressure relaxation coefficient, ηp (measured in microseconds
for air), is a measure of pressure gradient responsiveness.
In the 1960s, meteorologist Scorer proposed a hurricane and
tornado formation process, whereby large-scale rotating air columns
transformed suddenly from rotating cylinders to axial vortices.5
Assuming mean angular momentum of the rotating parent was con-
served, he avoided the nonphysical potential vortex centerline veloc-
ity limit by assuming the spontaneous potential vortex domain was
annular. His finite cylindrical domain is consistent with observa-
tion, but he lacked a physically plausible mechanism to describe
the creation of a Rankine vortex-like core region. He sketched a
viscous core evolution process similar to a Lamb–Oseen vortex6
evolution, but without providing details. Large-scale experimental
verification of his model is lacking; only two small-scale experi-
ments appear to support his postulated jump mechanism.7,8 If the
sudden inviscid transformation of a large-scale rotating column
into a an inviscid axial vortex represents a natural jump instabil-
ity process, the shearing strain rates imposed in the vicinity of the
rotational axis most certainly reach unsustainable levels. If that is
the case, away from the surface, the AZZ non-equilibrium pressure
and azimuthal velocity model represents the resulting steady-state,
circulation-controlled potential vortex. Furthermore, Scorer’s finite
outer radius limit bounds overall angular momentum and kinetic
energy.
The AZZ non-equilibrium vortex study showed how unsustain-
able strain rates resulted when an inviscid axial vortex is imposed
on a nominally incompressible fluid. Molecular dynamics simula-
tions have exhibited a similar depressed kinetic energy-based pres-
sure effect resulting from altered distributions of rotational degrees
of freedom.9 AZZ non-equilibrium theory predicted the following
relations:
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I. Far field circulation, Γ∞, is twice the core circulation, i.e., if
the maximum swirl velocity (Vθ,Max) at core radius, Rcore, is
specified, Γ∞ = 4πRcoreVθ,Max.
II. For specified turbulent eddy viscosity, νturb, and pressure relax-




III. If the maximum swirl velocity is known, the ratio of the turbu-
lent eddy viscosity to the pressure relaxation coefficient can be
estimated directly ( νturbηp =
V2θ,Max
2 ).
IV. The core radius is controlled by the imposed circulation and
the inverse square root ratio of the turbulent eddy viscosity to





V. The maximum out-of-equilibrium centerline pressure deficit is
controlled by ambient density, ρ∞, and the ratio of the turbu-
lent eddy viscosity to the pressure relaxation coefficient, i.e.,







In the absence of phase change energy release, buoyancy-
induced rotating air columns become dust devil vortices rather
than tornadoes. Large-scale dust devils are turbulent, but centrifugal
forces suppress centerline fluctuations. Furthermore, Corrsin and
Kistler10 proved that when atmospheric turbulence is irrotational,
mean velocity profiles are not influenced by that turbulence. The
extreme shearing strain rates imposed near an inviscid vortex axis
rule out thermodynamic equilibrium. Furthermore, near the core,
sustainable imposed shearing strain rates organize atmospheric tur-
bulence, producing local Reynolds stress gradients acting to resist
that shear. On that basis, it was logical for AZZ to utilize the simple
eddy viscosity turbulence model,





] = ρνturb, (1)
which only influences the steady-state vortex velocity field in the
vicinity of the core. Sinclair11 compiled the turbulent velocity, tem-
perature, and pressure surveys for three dust devils with circulation
levels between 320 m2/s and 400 m2/s. These data were employed
in AZZ to develop the simple turbulent eddy viscosity correlation
μturb/μ = νturb/νdryair = 2.2 ± 1.
In our earlier study, we identified and partitioned an acoustic






















in which we found the local speed of sound, ao, was accurate to three
significant figures. Recently, a molecular dynamics simulation has
isolated an analogous acoustic source in a small-scale hurricane-like
simulation.12 The two molecular dynamics simulations,9,12 along
with recent large-scale tornado simulator experiments reporting
centerline pressure coefficient measurements as low as −2.8, beneath
a boundary layer,13 supporting the AZZ minimum Cp,Min = −4, away
from any boundary layer influence, has motivated the present inves-
tigation. Unlike the compressible flow or water cavitation radial
limits assumed historically to bound large-scale vortices in nature,
we demonstrate a more fundamental incompressible vortex core
departure from thermodynamic equilibrium prior to reaching those
limits.
After validating the pressure relaxation coefficient, we have
employed the AZZ acoustic source model along with turbulent eddy
viscosity to examine the large-scale vortex core structure and associ-
ated infrasonic sound generation. Neglecting body forces, the AZZ




= −∇P + ηp
D
Dt
(∇P) + ρνturb∇2v. (3)
The steady-state, one-dimensional incompressible solutions P(r),
vθ(r), have been utilized herein to test the usefulness of the AZZ
model.
II. VALIDITY OF PRESSURE RELAXATION COEFFICIENT
Long-accepted quasi-reversible frequency-dependent sound
attenuation models appear to violate the continuum principle of
coordinate invariance. Normal shockwaves are irreversible, but con-
tinuum theory implies that both the shockwave thickness and fre-
quency dependent sound attenuation are controlled by the second
(or bulk) coefficient of viscosity. Thermodynamic equilibrium is
assumed.
Zuckerwar and Meredith14,15 have documented the process by
which NASA reference-quality spectral acoustic absorption mea-
surements are obtained (at frequencies between 10 Hz and 2500 Hz,
in their case). Using these and similar data sources, estimates of the
bulk viscosity of air are approximately three orders of magnitude
larger than the dynamic viscosity—hardly justifying Stokes’ negative
second coefficient hypothesis. Furthermore, at moderate tempera-
tures, the inferred bulk viscosity is influenced strongly by relative
humidity.3 The degree to which relative humidity influences experi-
mentally measured bulk viscosity was our motivation for exploiting
Hamilton’s principle to incorporate non-equilibrium molecular
(vibrational and rotational degrees of freedom) behavior in the
conservation equations for air.1,2
Two non-equilibrium effects were identified: (1) a thermody-
namic dilatational departure, indistinguishable from bulk viscosity,
and (2) discovery that pressure could depart from thermodynamic
equilibrium in otherwise incompressible flows.1 Subsequently, we
introduced multiple molecular degrees of freedom, showing how
they could be incorporated in the non-equilibrium dilatational (vol-
umetric) relaxation coefficient, ηV , and a similar pressure relax-
ation coefficient, ηP, defined strictly in terms of accepted acoustic
parameters.2 We showed that ηV , ηP-based shock thickness esti-
mates over the Mach number range, 1 < M < 5, agreed with the
classical Boltzmann-equation-based estimates of Mott-Smith.16 We
also included the curious prediction that a non-equilibrium pressure
effect occurred in incompressible slow viscous (Stokes) flow past a
sphere.2
The pressure relaxation coefficient is based solely on standard
acoustical reference parameters. Calculated pressure relaxation coef-
ficients for dry and humid air in the 25 ○C–40 ○C temperature range
were extremely small (less than 0.0001 s). However, as summarized
in Table I, the pressure relaxation coefficient for dry air (0% RH)
increases with increasing temperature, whereas the pressure relax-
ation coefficient for moisture saturated air (100% RH) decreases
with increasing temperature. At moderate temperatures, the dry air
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(RH = 0%) (s)
Pressure
relaxation coefficient
(RH = 100%)(s) ηp,0%ηp,100%
25 6.23 × 10−5 2.16 × 10−7 288
30 6.65 × 10−5 1.83 × 10−7 363
35 7.08 × 10−5 1.55 × 10−7 457
40 7.53 × 10−5 1.32 × 10−7 570
pressure relaxation coefficient is more than two orders of magnitude
larger than 100% RH air. On that basis, it was logical to isolate pres-
sure relaxation influences from turbulence in Eq. (3), when exam-
ining our non-equilibrium vortex model. AZZ theory predicts that
the maximum swirl velocity is controlled by
√
2 νturbηp . At moderate
tornado–hurricane-like ambient temperatures, the table shows that
variations in relative humidity can increase or decrease maximum
swirl velocity estimates by a factor of 10. As the relative humidity
increases, the pressure relaxation coefficient decreases, thus enabling
atmospheric air to tolerate increased potential-flow-driven shearing
strain rates, enhancing the circulation-driven vortex core strength.
Testing the AZZ relations for tornadoes was more difficult. Not
only are tornadoes much larger than dust devils, they are hazardous.
Furthermore, tornadoes evolve randomly from strong interactions
between fast-moving upper-level weather fronts and rising warm,
moisture-laden air. Karstens et al.17 have compiled in situ tornado
pressure measurements for 26 tornadoes, dating from 1894. Start-
ing in 2002, direct near-centerline pressure deficit measurements
have been obtained. In six of the direct encounters, complimentary
mobile mesonet data enable reasonably accurate estimates of ground
level funnel width. Although actual ambient temperature and rela-
tive humidity conditions were uncertain, the six “near-direct” tor-
nado encounters identified by Karstens et al. provided maximum
pressure deficit and core radius data suitable for evaluating AZZ
theory.
Without ambient and dewpoint temperatures (to determine
tornado-based relative humidity), turbulence influences cannot be
isolated from the pressure relaxation coefficient when employing
only maximum pressure deficit measurements with associated core
radius data.17 However, humidity variations have only minor influ-
ences on ambient density, permitting reasonably accurate estimates
of ρ∞, based on ground track surface elevation and hour-by-hour
weather service data. AZZ theory permits estimation of the max-
imum swirl velocity and far field circulation utilizing minimum
pressure, core diameter, and ambient air density. The Tulia, TX
tornado was of special interest because a fully instrumented SUV
recorded the most extreme core pressure deficit (19 400 Pa) when
it accidentally penetrated the tornado funnel. It has been difficult
to explain how such an extreme pressure deficit could be produced
due to violent vehicle motion within the core, but we assumed the
measurement approximated the actual centerline pressure deficit. A
summary of our estimates of maximum swirl velocity and far field
circulation, based on the data from the work of Karstens et al.17
(bold headings), along with νtub/ηp ratio estimates, is provided in
Table II. Their pressure minimum and mesonet-based core radius
TABLE II. Pressure deficits and core radii from Karstens et al.17 along with AZZ esti-
mates. Pressure minimum and mesonet-based core radius measurements are in bold
type.
ΔPMin Rcore Vθ,Max Γ∞ νtub/ηp
Tornado (Pa) (m) (m/s) (m2/s) (m2/s2)
Mullinville, −2 200 265 32.4 108 000 525
KS
Manchester, −9 800 36 68.4 31 000 2340
SD #1
Manchester, −5 500 15 51.2 9 600 1310
SD #2
Webb, IA −2 700 54 35.8 24 200 641
Tipton, KS −1 500 205 26.8 69 000 359
Tulia, TX −19 400 30 96.1 36 200 4620
measurements are in bold type. Estimated circulation levels are two
orders of magnitude larger than Sinclair’s dust devils.
III. A NON-EQUILIBRIUM SOLENOIDAL VORTEX
Saffman18 showed that Burgers vortices19 were one class of
solenoidal vorticity solutions governed by
Dω
Dt
= (ω ⋅∇)U + ν∇2ω (4)
when the mean velocity components were
Ui = αijxj, with αii = 0. (5)
This vortex stretching mean velocity field stabilizes the Burgers
vortex, avoiding the transient Lamb–Oseen vortex behavior.6
If a finite diameter Scorer potential vortex propels the flow,
the imposed vorticity is solenoidal. The unsustainable circular non-
equilibrium strain rate region around the rotational axis is the only
departure from Saffman’s ω = ∇×V = 0. Utilizing the AZZ core
radius and maximum swirl velocity to define reference circula-
tion Γ∞ = 4πRcoreVθ,Max, the inviscid, Burgers,19 and AZZ azimuthal
















1 + ( rRcore )
2 , (6c)
respectively. As shown in Fig. 1, the azimuthal Burgers vortex veloc-
ity profile approximates a potential vortex profile within two core
radii, whereas the AZZ profile requires approximately five core radii



















AIP Advances 11, 025320 (2021); doi: 10.1063/5.0031668 11, 025320-3
© Author(s) 2021
AIP Advances ARTICLE scitation.org/journal/adv
FIG. 1. Azimuthal velocity profiles for a potential vortex, a Burgers vortex, and a
non-equilibrium AZZ vortex.
for Burgers and AZZ vortices are compared in Fig. 2. [The
strain rate produced by a similarly scaled potential vortex is ε̇rθ
= −2/(r/Rcore)2.] The AZZ strain rate relaxes more rapidly at first,
and the magnitude of the most negative shearing strain rate is
smaller than a Burgers vortex, approaching zero more rapidly
thereafter.
Finally, the axial-vorticity-based dissipation function, ϵ, can be
recast in a slightly different form in order to compare decay rates for


















































2πrζ2(r)dr = 8πρνturbV2θ,Max. (10)
The dissipation rate assuming a slowly decreasing maximum swirl



















The radial variation of dissipation functions
[ζ2(r/Rcore)]/[16(Vθ,MaxRcore )
2
] for a Burgers vortex and for an
AZZ vortex is compared in Fig. 3. As shown in Fig. 3 and deduced
from Eqs. (10) and (11), the mechanical energy dissipation rate in an
AZZ vortex is smaller than a Burgers vortex. In fact, the mechanical
rate of energy loss is only 2/3 that of a Burgers vortex. On that basis,
a non-equilibrium axial vortex will be longer-lived than a Burgers
vortex.
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The Burgers vortex model19 along with Saffman’s general-
ization18 and the Corrsin-Kistler turbulent mean velocity profile
equivalence proof10 has withstood the test of time. In the absence
of Saffman’s imposed three-dimensional mean velocity conditions,
given by Eq. (5), the transient Burgers vortex reverts to the sim-
ple decay of a point or line vortex inserted suddenly in a viscous
fluid.6 Scorer’s sudden transition of a large but finite diameter rotat-
ing cylindrical column with angular rotation rate, ω, into a finite
circulation-imposed potential vortex (Γ ≈ π D
2
Max
2 ω) creates unsus-
tainable strain rates near the imposed axis. An equilibrium contin-
uum flow model cannot tolerate such strain rates—in an otherwise
incompressible flow. The vortex core cannot be in thermodynamic
equilibrium.
IV. AN INFRASONIC GENERATION MECHANISM
FOR LARGE-SCALE VORTICES
Triangulation of infrasonic storm signatures to locate severe
tornado-capable weather has been an active area of research for
some time.20,21 If the maximum rotating column velocity (at Rmax)




r for 0 ≤ r ≤ Rmax produces unsustainable near-axis
shearing strain rates during this rapid jump, radiating intense sound
in the process. If the turbulent AZZ vortex results away from the
surface, the mean velocity distribution becomes
ωcolumnR2max
r


































The associated pressure distribution is





























































































































The non-equilibrium rotating cylindrical volume creates a rotating



























































(r/Rcore) is shown in Fig. 4. Employing the Karstens data,17 the min-
imum (largest magnitude) gradient of the material rate of change
of density, normalized with respect to ambient density, varies from
−3.4 × 10−5 1/(s/m) to a much larger −0.075 1/(s/m) for the anoma-
lous Tulia, TX tornado encounter. Additionally, a characteristic
acoustic frequency produced by these rotating funnel cores should
be related to the circulation-imposed centerline angular rotation
rate, i.e., ωC/L = 2Vθ,Max/Rcore or
fcharacteristic = Vθ,Max/(πRcore). (18)
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TABLE III. “Near direct” tornado data from the work of Karstens et al.15





Tornado (Pa) (m) (m/s) (s/m) frequency (Hz)
Mullinville, −2 200 265 32.4 −3.6 × 10−5 0.04
KS
Manchester, −9 800 36 68.4 −1.8 × 10−2 0.6
SD #1
Manchester, −5 500 15 51.2 −4.4 × 10−2 1.0
SD #2
Webb, IA −2 700 54 35.8 −1.2 × 10−3 0.2
Tipton, KS −1 500 205 26.8 −3.4 × 10−5 0.04
Tulia, TX −19 400 30 96.1 −0.075 1.0
Dimensionless density fluctuation rates per unit height and char-
acteristic frequencies for the six “near direct” tornado datasets are
summarized in Table III. The estimated maximum swirl velocity
of the Tulia, TX tornado assuming the unexplained extreme pres-
sure deficit represents a border-line compressible flow condition










which, when combined with the likely tumbling-vehicle-induced
streamline distortions in such a non-equilibrium tornado core, may




Dt )]Min. Hence, the
AZZ acoustic density fluctuation estimates for the six documented
tornado encounters appear reasonable.
V. CONCLUSIONS
Unlike man-made flow geometries where the shape and size
of an object control the generation of vorticity and turbulence,
characteristic scales of organized disturbances in the atmosphere
can be much larger and a variety of large-scale swirling motions
are observed without direct geometrical links to physical objects.
In weather derived rotating systems, the transition from a rotat-
ing atmospheric column to a cyclone via spontaneous imposition
of a line vortex is difficult to describe theoretically. Richard S.
Scorer suggested that cyclonic transitions occurred when large, but
finite, rotating atmospheric columns suddenly transformed mor-
phologically into axial potential vortices, containing large but finite
amounts of mechanical energy, conserving their angular momen-
tum. We believe that large-scale rotating air columns when forced
spontaneously to reform as potential vortices provide the mecha-
nism by which cyclonic structures are generated. Unlike Scorer’s
proposal, we contend that the inner core structure is controlled
by non-equilibrium pressure gradient forces generated by unsup-
portable shearing strain rates near the rotational axis. The resulting
non-equilibrium AZZ vortex, just like the classical Burgers vor-
tex, can be sustained by the vorticity stretching velocity conditions
[Eq. (5)]. Furthermore, the non-equilibrium AZZ vortex dissipates
mechanical energy more slowly and is therefore longer-lived.
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